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TECHNICAL MEMORANDUM NO, 999 -:

STRESS ANALYSIS OF CIRCULAR FRAMES *
By H. Fahlbusch and W. Wegner
- ' SUMMARY.

The stresses in .eircular. frames of constant bending
stiffness, as encountered in thin-wall shells, are in-
vestigated from the point of view of finite depth of sec-
--tional area of frame, The solution-is carried:out.for
four fundamental load conditions. The method is illus-
ttated on a worked out example. Ao S

I. NOTATION

P, force.
s :ﬁiéfélthigkﬁé;sﬂ
S stsztic moment
I inertia moment
EI Ybending stiffness
Ts shear flow )
_@o vgrigple gng;e at centgy‘w
P angle at center‘
r distance of neutral:axisifromncenter
R distance of shear flow from center
e distance of shea; flow from‘neutral flberl

X distance of ghear center from center

M moment

*"Berechnung der Beanspruchung kreisf&rhiger Ringspante.®
Luftfahrtforschung, vol. 18, no, 4, April 22, 1941, pp.
122-127.
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B Ybending moment

N normal force

Q transvef;é’fbrcé

X staticallf.uﬁdéﬁe;mined quantity:
8§ load and coefficient, respectively

- Blz- TPHE FRAME EQUILIBRIUM
For the application of transversa-forces in a circu-

lar shell with large ratio %, circular frames are pro-,
vided., They are in equilibrium with the concentrated
loads and the shear forces from the shell, Each loading
can be divided into the transverse force passing through
the elzstic centroid of the shell and the moment (fig. 1).

The transverse force produces, as a result of bend-
ing under transverse force, & sinusoidally distributed

shesr flow in the shell that reaches to’ the frame (fig.
la).,

With

denoting the moment of inertia of the circular sheil, the
function

TS = f% sin @

represents the shear flow varistion.

The distance of the shear center of & circular half
for sinusoidal variation . from the center amounts to

T
R / Ts du

0

(ALY
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. i The. shear flow: applied at'the frame as result of a
~moment is constant. and amounts:to (fig.. 16):

T S R R A N s e e

The distance of the shear center of a circular half for
constant variation from the center.is: . : S

= — R = . R
x ) 1 57. i

- . N . ¥

The resulting shear flow (fig. le¢) follows from:

Ts = £ sin @ + ;g

~ Rm T

The distance of the shear_centerﬁqf.a cirqqlar.hglf
from the -center amounts to ' ¥ S E i

x =42+ T R o4n one side
m+ 2
and
x = 4:-,"' TTR
mo- 2

on the other.

III. 'STRESS ANALYSIS OF CIRCULAR FRAMES
\ OF "CONSTANT “BENDING- STIFFNESS
Load ‘Case A7 "
Localized-Radia; Fprcg Agting on fhe Frame
Ordinarily the circular frsme is threefold statically
undetermined, but in this instance and in the subsequent

load csses the solution can be considerably simplified by
cleverly chosen sectionalization. At point 0 of the
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load in figure 2, thé statically undetermined quantity is
Xy, = 0, The signs for carrying: out the analysis:are given

in figure 4. The depth of the sectional area of the frame

1s introduced by means of the ratto %. The subsequent re-

r <
sults are valid for & >1 (fig. 3).

The elasticity equations re=d
8io + X383, * X38,2 =0
820 * X385y + X;3022 = O

The displacement quantities generally follow at

EI 83x =fBi By du

Determination of the bending moment curve - By in the

statically determined principal system referred to neutral
fiber (fig, 4). The tangentially applied shear force ele-
ment :

Ts du = Ts R 4 Py

sets up at point ® in the~frame the bending moment

d Bg = - Ts du e

The distance e .follows from the geometric relation
e = R - .r(sin Py sin P + cos Py cos®)

Then the bending moment By, at o is:

. @ L @ _
Bo = = %%g[ sin ®o dPe + %} sin wa sin® ©p dpo +
0
P

+ %f:qoé.¢J[ sin ®go cos Py dP,
s :
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nence

(R'cosm+r%sincp-3>

It further is:_,_

o By

d{w

By = 1 due to'X, = 1

Ba

r (1 - cos ®) as a result of X, = 1

For reasons of symmetrv the 1ntegration can be lim-
ited to a half frame. .The. following loads and factors
are obtained, ' . B

EIMS =[B By chlu.=P.r<£——'R\ll
10 .. 1 2 /
0
EI 8§50 = Pr® B (8& . 37
Bo = ¥ <_8R 2
EI 611 = rm

81 545 = &sn
.EI.Slé = BI §5, = r2m

Solution of the elasticity eouatione'gives the magnltude
of the statlcallv undetermlned quantltles‘

e o ox-2(al1)
Xy = = &L X, = L
1 4’ 2 11(1" 4
whence the ultimate bending moment

B = BOA +, XiBi + X5B,

B = §5-<® sin-® + %-COS“¢:~;I>U (1)
T
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The final normsl force follows fronm
N = No +X1N1 + X2N3 S

The normal force N, in the statically determined

principal system at point o is obtained by”splitting
the shear force element in the tangentlal component fol-
lowed by integration from O to o (fig. 4)

AN, = - Ts du cos (¥ ~ ®g)

Nog = = gi-m gsin @

<Tr

The normal force distribution in the statically undeter-
mined system then is .

=

..I.=_<2_B. cos ® -~ L cos @ - @ sincp> (2)
27T by : 2

and the transverse force variation

q = £ ® cos @ + 22 ginp « 3 5ip ¢> (3)
21 T 2

Figures 5 to 7 show bending moments, normal force,
and transverse force plotted against the frame circumfer-

ence. The ratio. £ séerves as parsmeter for =1,

z
R
r
= = 0,8

R

Losd Case B

Localized.Moment Acting Along =
Diameter of the Frame (fig. 8)

For this load the frame is simﬁly statically unde-
termined at point O. The el=ssticity equation reads
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850 * X3b55 = O

30
Bending moments, normal force, and transverse. force in. the
statically determined principal system are obtained_as for
case A, The loads and factors are:

i

BT 850 = Mr®( K ..=-él->

[}

EI 833 % Tr

The statically undetermined quantity follows at

N
% = (27 F)
, L 2T

The final bending moment is

w4

B =X <sin o - 5 (4)
™ 2)
the final normal force is |
!N = - f% sin @ (5)
and the final transverse force is
Q=£%<cos6¢ --15@ ()

as illustrated in_figun@s_9nto 11,
Load Case ©
Localized Tangential.Force'Acting Along.the Neutral'F;ber

of the Frame at a Distance r from the Center

In this instance also the frame is simply gtatically
undetermined at point O, The procedure is the same &as
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before,.

Bo = EI(iEE
21 r

sin ® ~ ® cos ® - sin ® +

The intermediste and'fiﬁél results are:

r . N
= P - ¥
5 sin

/

'
N, = é%—(@ cos ® + gin ® - § sin ¢>
_ P : r r\
QO = o P sin ¢ + T cos © - ﬁ]
furthermore
3
BI 6,0 = BE2/ R+ £ _ 5
2 \r 2R 4
T 3
Bl 533=’?':I‘
and
Xz = - & & 4 » _ Q}
T Tr 2R 4/
B =fr/3 sin ® - © cos ® - @ (7)
2m\ 2
P 2R . 3 . 3
N = Py (m cos ® + —= sin @ - 5 sin @) (87
Q = é%—(@ sin @ - 2R cos @ 4+ % cos @ “:§> (9)
and Q

are plotted in figures 13 and 14.
same aspect as

Q@ in load case A (fig. 7).

N hss the
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Load Case D
Localized Tangential Force Acting Along the Quter Periphery
of the Frame at a Distance R from the Center (fig. 15)
The stresses in this frame loading are obtained when

losd case c is superposed by & moment of magnitude
M'ﬁ P (R -r), Then:

B = o= <2 sin @ - = ® cos @ " 2R sin @ ¥> (10)
N o= £- (m cos @ + & sin'¥> (11)
27 _ 2 . )
R A . L -
Q = o <@ sin @® + 5 cos @ 1> ‘ (12)

Figure 16 illustrates the bending mpment-distribution; N

has the same aspect as N in load case C for ‘£ = 1 snd

R
as Q in load case A at %.; 1 (cf, fig, 7). Q in losd
case D has the same aepecf'as Q;in”ioad.case'C at % = 1

(fig. 14).

IV. EXANPLE

» e
Find the stresses in a circular frame with ratio

% = 1.1 under the following loads, (Fig. 17.)

By division of the force P we-get
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Load Case A: 0.9 P

1800 kg acting radially

Q
(@]
W
s¢}
1]

800 kg acting tangentially

B: 40 nmkg

The resulting bending moment curve is found
numerically by superposition of the results from equations
(1), (?), and (4), or by graphical superpositisn of the
bending moment curves from the basic lozds illustrated in
figures 5, 13, and 9. The same metnod applies to the
normal and the transverse force. Of greatest interest is
the knowledge of the longitudinal stresses from the bend-
ing moments and normal forces.

TABLE I
BENDING MOMENTS (mkg) IN FRAME FROM

THE NUMERICAL SOLUTION

[e]
o . :
Load 0 90 180 180 270 360
case R A !
A -47 .2 53.9 | -141.5 | -141.5 | 53.9° | -a7.2
B o . ~3.,0 o . 0 3.0 0
¢ o 2,7 20,0 20.0 -2, 7 0
Result | -47.2 | 63.6 | -161.5° |-121.5 | sa.2 ‘| ~a7.2
TABLE II
NORMAL FORCES (in kg) IN FRAME
FROM NUMERICAL SOLUTIONS *
cp0
Load 0 t- 90 . 180-% |- 180 270 360
case
A 378 ~450 ~-378 -378 -450 378
B 0 41 -400 400 —41 0
c 0 -39 0 0 39 0
Result 378 -448 -778 22 | -452 378
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Tables I and II give several intermediate values of
the msthematical solution, while figure 18 shows the final
bending moment and normal force distribution in the cir-.
cular framey,~ - ~ T T

For the stress analysis of the rivets or welds be-
tween circular frame and shell the shear flow distribution
is employed. It is computed by the method indicated in
section II and has for the particular frame loading the
aspect shown in figure 19, The maximum shear flow amounts
to 26 kg/cm.

V. SCOPE OF VALIDITY

1. The solutions hold for circulsr frames with
small sectional depth compared to curvature radius r.
In this case the curved member acts similar to a straight
member. Hence the stress distribution was assumed linesr
and the cross sections presumed to remain plsne. The ef-
fect of the longitudinal a2nd transverse forces on the dis-
placement factors was disregasrded.

2. The bending stiffness of the gshell plate compared
with that of the circular frame was presumed to be small.

3. The departure of the frame contour from the cir-
cular shape due to elastic strain was discounted,

Translation by J. Vanier,
National Advisory Committee
for Aeronsutics,
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Figure 1.- Equilibrium of frame and division into
basic load cases.

X3
LR, & \
?\\w_;%. +X ’ +x2
i 1
Figure 2.- Load case A; Figure 3.~ Representation of ratio r/R by equal Pigure 4.- Identification
rg.d.ial loading. shell diameter. - of Bg, No, Qo

and signs.
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Figure 6,- Normal forces under
=425 radiael load.

Figure 5.- Bending moments under
radial load,

450
s
azs ?’:=0.J \
v 10
N\ 2 N
N N\ /e o
o ] MS\\\ 7%0° \}\{7& =

Figure 8.- Load case B;
moment loading.

Figure 7.~ Transverse forces ﬁnder radlal
load, concurrent normal forces
under tangential load (distance r).
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Figure 9.,- Bending moments under Figure 10.- Normal forces under
moment loading. moment loading,
a30
¥
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\\\ v/
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7
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I Figure 12.- Load case C;
: tangential loading

{(distance r).

Figure 11l.- Transverse forces under
moment loading.
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Figure 13.- Bending moments under
tangential loading
(distance T).
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Pigure 15.~ Load case D;
: tangential loading
(distance r).

Figure 16.- Bending moments under
, tangential loading
(distance ). -
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Figure 17.- Semple frame

24 ’
polmm e me - e e g . . P. 1970K3
Q
0
= =
7 o
o )
A
T - 600
‘P'o’
\ el % . y
~ . P> 300
N
g
—300
— 600
Figure 18.-
Bending
moment s —~
and
normal
forces.
P=1970 Kg
\od
&
g
A2s°

— mkg

~—J0

—-720

~750

Tigs. 17,18,19

loading.
ya
[ ¥ \
NV \l_| -
\ / \ \ //
¥ w |/ y
/\‘w" \ ﬁ\‘ 270° /\ J60°
/ 1\ A /L
AN T AR TVTIN

f—]

-
I

e w— ————

o

<
—— ]

—

Figare 19.~

and
variation
of shear
flow at
frame.
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